In this work, we study the effect of a magnetic field on the growth of cosmological perturbations. We develop a mathematical consistent treatment in which a perfect fluid and a uniform magnetic field evolve together in a Bianchi I universe. We then study the energy density perturbations on this background with particular emphasis on the effect of the background magnetic field. We develop a solution in the Newtonian treatment with adiabatic sound speed in the isotropic limit and we find that the magnetic field has no effect after full matter and radiation decoupling, while the Jeans scale has a "jump" at that exact moment. We also find the full relativistic anisotropic solution for perturbations in the directions parallel and perpendicular to the background magnetic field when the sound speed is zero. This represents a new approach in GR since all the present studies deal with isotropic systems: our solutions show a clear anisotropic behaviour and are far more complicated than the FRW ones. We also write an equation for the general solution of the problem which could be numerically integrated.
I. INTRODUCTION
The formation of large scale structures across the Universe is one of the most fascinating and puzzling questions, still opened in theoretical cosmology. Among the long standing problems of this investigation area is the determination of the basic nature and dynamics of the cold dark matter [1] , responsible for the gravitational skeleton on which the baryonic matter falls in, forming the radiative component of the present structures.
However, also the peculiarity of the matter distribution across the Universe, in particular the possibility for large scale filaments [2] , as well as hypotheses for structure fractal dimension [3, 4] call attention for a deeper comprehension.
In this respect, we observe that the Universe plasma nature, both before the Hydrogen recombination and, for a part in 10 5 also in the later matter dominated era [5, 6] , has to be taken into account.
At the recombination the Universe Debye length is of the order of 10 cm and therefore the implementation of a fluid theory, like General Relativistic Magnetohydrodynamics is to be regarded as a valid and viable approach to treat the influence of the primordial magnetic field [7] on the evolution of perturbations [6] . Nonetheless, the smallness of such magnetic field, as constrained by the Cosmic Microwave Background Radiation (CMBR) up to 10 −9 G [8] [9] [10] [11] [12] [13] [14] , significantly limits the impact of the plasma nature of the cosmological fluid on the evolution of perturbations. As shown in [6, 15] , the presence of the magnetic field is able to trigger anisotropy * federico.digioia@uniroma1.it † giovanni.montani@enea.it in the linear perturbations growth and it can be inferred that in the full non-linear regime, such anisotropy grows up to account for the formation of large scale filaments. Apparently, a weak point in the perspective traced above consists of the small plasma component surviving when the Hydrogen recombines and in the observation that the most relevant cosmological scales enter the non-linear regime in such a neutral Universe. Instead, it can be surprisingly demonstrated [5, 6, 15] that the coupling between the neutral and ionized matter is very strong at spatial scale of cosmological interest (for overdensities of mass greater than 10 6 solar masses, the Ambipolar Reynold number is much greater than unity for redshift 10 < z < 1000). Thus, the dynamical features, for instance anisotropy, that we recover for the plasma component clearly concern the Universe baryonic component too. This statement is not affected by the presence of dark matter gravitational skeleton in formation, simply because the radiation pressure prevents, up to z ∼ 100 the real fall down of the baryonic fluid into the gravitational well. In fact, the large photon to baryon ratio, about 10 9 (also constant during the Universe evolution), maintains active a strong Thomson scattering process, even after the hydrogen is recombined into atoms [5, 6, [16] [17] [18] .
These considerations are to underline that a single fluid General Relativistic Magneto-hydrodynamics formulation is an appropriate tool to investigate the impact of the Universe plasma features on structure formation, at least for a large range of the cosmological thermal history.
In this context many works have been developed, mainly assuming as negligible the backreaction of the magnetic field on the isotropic Universe [19] . However, the presence of a magnetic field rigorously violates the isotropy of the space and the (essentially) flat Robertson-arXiv:1807.00434v2 [gr-qc] 12 Jul 2018 Walker geometry must be replaced by a Bianchi I model. This paper faces the general question of how the linear perturbations evolve on a background Bianchi I cosmology, thought as a weak perturbation of the isotropic case, but treated in its full generality for arbitrary large magnetic fields.
We discuss in detail the structure of the perturbation equations in the synchronous gauge and the specific form of the spectrum time dependence in specific important limits, like the large scale limit, when the dependence on the wavenumber can be suppressed, is analysed, together with the exact evolution, separating the parallel and orthogonal dynamics of the perturbations with respect to the magnetic field.
Furthermore, the change of the Jeans scale, when passing from the ionized to the (essentially) recombined Universe, is determined for the small scales, shedding light on the role of the magnetic field and on the real nature of the gauge perturbations.
Finally, we stress that, along the whole analysis, we compare our results with previous achievements in literature, providing a significant contribution to the understanding of the different effects that the Universe anisotropy, due to the magnetic field, induces on the perturbation evolution and stability.
The paper is structured as follows: in section II we summarize the exact GRMHD equations in the 3+1 covariant formalism; in section III we find the solution for the background Bianchi I model, then we write the equations for the perturbations in synchronous gauge in section IV and we find the gauge modes in section V; finally we solve our system in some specific cases in section VI and we compare our results with present literature.
II. BASIC EQUATIONS
We will now derive the fundamental equations we'll need later. Following [19] we define the magnetic field as the spatial part of the Faraday tensor F µν in the frame comoving with the cosmological fluid; we will use the ideal MHD approximation to turn off the electric field. These equations can be easily obtained in the covariant 3+1 formalism [20] [21] [22] [23] , as done in [19, [24] [25] [26] ; we will solve them, however, in a fixed synchronous gauge. We will assume geometric units for the speed of light c and Newton's gravitational constant G in witch c = 8πG/c 4 = 1.
We describe an anisotropic system with a metric g µν with positive spatial signature (−, +, +, +) filled by a perfect fluid with energy density ρ, isotropic pressure density p, 4-velocity u µ and energy momentum tensor
where we defined the comoving spatial projector
and a uniform magnetic field with Faraday tensor F µν .
We define the time derivative of a generic tensor T ν
its spatial projected derivative
the totally antisymmetric spatial tensor
where η µνρσ is the totally antisymmetric tensor with η 0123 = 1/ √ −g, and the irreducible components of the velocity derivative
We are now able to describe the electromagnetic field in the Lorentz-Heaviside units: the electric field is E µ = F µν u ν ; the magnetic field is B µ = µνρ F νρ /2, with magnetic energy B 2 = B µ B µ and energy momentum tensor
and to write the equations that describe our system: the Maxwell equationṡ
where J µ is the electric 4-current, and the projected Einstein equations
in which R µν is the Ricci tensor. The interaction between the fluid and the magnetic field is given by
We can use the Maxwell equation (8a) to find the conservation law for the magnetic energẏ
and we can derive the fluid energy conservation law from the temporal part of the Bianchi identities u µ ∇ ν T µν = 0
from the spatial projected Bianchi identities h µ ρ ∇ ν T ρν = 0 we find the momentum conservation law
which, using
gives us
III. BACKGROUND MODEL
We assume that our system is homogeneous perturbed at first order by weak inhomogeneous perturbations. At the background level we have a homogeneous universe with an isotropic perfect fluid and a uniform magnetic field: such a field cannot live with an isotropic metric, such as FRW, but it can be accommodated in an anisotropic model. We must use one of the Bianchi models because of the homogeneity and our model fits best in a Bianchi I universe, which is the simplest anisotropic generalization of FRW, so our metric in synchronous gauge is
We assume that the magnetic field is oriented along the 3 axis, so the system is axisymmetric and a 1 = a 2 ; for simplicity we call a = a 1 = a 2 and c = a 3 . We have u µ = (1, 0, 0, 0).
It is now straightforward to write the Einstein equations
and the energy conservation laws for the systeṁ
It is difficult to solve this equations for arbitrary strong magnetic fields and anisotropies; for weak magnetic fields the solution is found perturbatively in [10] . The equations obtained in that paper are the same, while the solutions are studied in different temporal regimes and neglecting higher order corrections in the isotropic components. We define the Alfvén velocity, which is the energy ratio between magnetic field and fluid
witch is responsible for the intensity of the anisotropies, the isotropic expansion H and the anisotropy parameter S
If we now assume a barotropic fluid with equation of state p = wρ and w = const the Einstein equation (17a) becomes
subtracting equation (17c) from equation (17b) we get
and summing 2 times equation (17b) to equation (17c) we eventually have
From the definition of v 2 A (20) and from the energy conservations (18) and (19) we havė
If we now assume that the magnetic field energy is small with respect to the fluid energy we have v 2 A 1 and if we write
with
A it is easy to see from equations (22) and (24) that at 0-order in v 2 A we recover FRW and we have
The anisotropy is described by S and equation (23) becomes at first order in v 2
while equation (25) giveṡ
The isotropic part is contained in equations (22) and (24), which form a system whose solution is
We are interested only in anisotropies caused by the magnetic field so we will put to 0 the homogeneous solution of each equation, with the exception of (29).
A. Radiation dominated universe
For radiation dominated universe w = 1/3 and equation (29) gives
Equation (28) then gives
From equation (30) we get ρ. From the definitions (21) we can get the values of a and c. Finally we have
B. Matter dominated universe
For matter dominated universe w = 0 and equation (29) gives
From equation (28) we get
For the isotropic part we proceed as before: equation (31) gives
From equation (30) we get ρ. From the definitions (21)we can get the values of a and c. Finally we have
IV. PERTURBED EQUATIONS
We perturb all the quantities that govern our system while keeping synchronous gauge, thus the perturbed metric is g
µν + δg µν , where δg µ0 = 0; we can define γ µν = δg µν and to preserve g µρ g ρν = δ ν µ we have δg µν = −γ µν , where the indices of γ µν are raised and lowered with the unperturbed metric. In the following we write the trace of γ µν as γ = γ k k . The fluid velocity perturbation is δu µ , with δu 0 = 0 to keep u µ u µ = −1. The fluid energy perturbation is δρ and the fluid pressure perturbation is δp = v 2 S δρ; for w = const the squared sound speed is v 2 S = w. The perturbed magnetic field must remain pure spatial so the condition B µ u µ = 0 implies δB 0 = c 2 B 3 δu 3 ; the perturbation to the magnetic field energy is
Accordingly to [16, 27] the perturbed Christoffel symbols are
and the perturbed Ricci tensor is
We are now ready to perturb the exact equations of section II (when applied to a perturbation the comoving time derivativev is the same as the synchronous time derivative ∂ 0 v, so we make no difference between them in the following). The fluid energy conservation (12) becomesδ
(49) and the magnetic field energy conservation (11) giveṡ
The Einstein 00 equation is (we will always use Einstein equations with a lower and an upper index)
while the 33 equation reads
to remove ∂ 3 ∂ k γ 3 k from the last equation we need to use the derivative of the 03 equation with respect to the 3 index
If we had used equations (9) we would have found the same results. By imposing the null divergence of the magnetic field (8d) we get
The last equation we need is the conservation of the momentum (15) (note that A µ has only the first order component): we define an index P ∈ {1, 2} that lies on the plane orthogonal to the background magnetic field and we write the divergence of the momentum conserva-tion on the 12-plane (∂ 1 () 1 
and the derivative of the 3 component along the 3 axis
The system (49)-(56) fully characterizes the evolution of the perturbed quantities and it is the ground of the following analysis. It should be noted that already exists a study in a Bianchi I model [28] , but the authors don't really study the anisotropies and instead make use of some simplifying assumptions, effectively discarding their effects.
V. GAUGE MODES
Fixing the synchronous gauge does not end the freedom of coordinate choice: we can still make a gauge transformation preserving the synchronous gauge.
We follow the same scheme as of [29] : we make a generic coordinate transformation of the form
with small µ and we keep terms up to O( ). The metric tensor becomes
If we define
to preserve the synchronous gauge we need ∆g 0µ = 0 which gives 0 = 0 (x j ) and
where 0 (x j ) and˜ i (x j ) are arbitrary functions of the spatial coordinates: we still have 4 unused degrees of freedom represented by the functions 0 and˜ i . If we take the functions 0 and˜ i of the same order of the perturbations than the transformation given by equation (59) can be seen both as a gauge transformation and as a transformation of the functions γ µν within fixed synchronous gauge: in the latter case equation (59) gives the value of ∆γ µν . In the same way the stress-energy tensor transforms as
and if we see these as transformations on the physical variables instead of the coordinates we obtain the gauge modes for δT µν . Substituting the explicit expression of T µν as the sum of the fluid and the magnetic field components we see that the transformation acts separately on the two components and we get for the fluid density perturbation
In section IV we linearised the equations and so the gauge transformations solve our equations and we call them gauge perturbations or gauge modes: these solutions are not physical because they correspond to a simple change in the reference frame. We are looking for for a physical solution for the time dependence of δρ so the most interesting gauge transformation is given by equation (62).
VI. BASIC SOLUTIONS
If we write the perturbations as Fourier transforms we see that the system imposes different evolution to the perturbations that propagates along the background magnetic field, with ∂ P (. . . ) = 0, and the perturbations that propagates orthogonally to the background magnetic field, with ∂ 3 (. . . ) = 0. These different modes are however coupled by gravitational interaction, that is metric and curvature.
To simplify the equations we use the barotropic state equation for the fluid, so p (0) = wρ (0) and δp = v 2 S δρ and the Fourier expansion for the spatial part of the perturbations, so the spatial dependence is of the form e ikj x j , and we define the new variables
Our differential equation system is not simple but we can solve it for small magnetic fields by keeping only terms up to first order in v 2 A : we shall remember that q and S are already at first order while ∆, G and T have also a 0-order (FRW) part; M has only the 0-order part because it is always multiplied by q because δ(
The fluid energy conservation equation (49) in the new variables readsĠ
We notice that T only appears in terms that are already at fist order in v 2 A so we only need it at 0-order, where T (0) = T FRW . Combining Einstein 33 equation (51) with its derivative with respect to time and using the derivative of Einstein 03 equation (53) with respect to the 3-index in order to take care of ∂ i ∂ 3 γ i 3 terms and keeping only zero order (FRW) terms we get
from which we can calculate T FRW . Similarly we rewrite at first order the magnetic energy conservation (50)
where we found the last equality by using the fluid energy conservation.
We can use the fluid energy conservation equation (68) to eliminate the G function from the momentum conservation and the Einstein 00 equation and to find G when we have solved the system.
The Einstein 00-equation (51) reads, removing G through the fluid energy conservation,
(71)
We can also obtain the evolution equation for the divergence of the 4-velocity by summing the derivative of the conservation of the P -component of the momentum with respect to the P -index (55) and the derivative of the 3-component of the momentum with respect to the 3index (56); we can then use the Einstein 33 equation (52) to remove the ∂ i ∂ 3 γ i 3 term and the magnetic field divergence equation (54) to remove the divergence of the magnetic field. Doing so we find
(72)
We will need also equation (56) at 0-order (keeping also the laplacians), which reads
Thus we restated the dynamical system (49)-(56) in a more suitable form which is more appropriate for the following analysis.
A. Radiation dominated universe at large scales
In radiation dominated universe we have w = 1/3 and at large scales we can set k 2 ≈ k 3 k 3 ≈ 0.
At 0 order we recover the FRW solution
To evaluate first order quantities we first need k 3 δu 3 , T and M at 0 order. We can safetly put
and equations (69) and (70) give
with T 0 , T 1 , T −1/2 = const. At 1-order equation (72) gives
Finally equation (71) gives
From equation (62) we know that ∆ gauge ∼ 1/t: ∆ −1 at 0-order is a gauge mode, and so we expect at first order. If we have ∆ 1 = 0, then ∆ (0) = ∆ gauge (0) and then we require ∆ (1) = 0 (we require this because H = 1/2t and H (1) = 0, so from equation (62) ∆ gauge = 3H 0 ∼ H and ∆ gauge (1) = 0): doing so we discard the homogeneous solution of (80) and we also impose
we can do this because the homogeneous solution would only be a redefinition of ∆ −1 . Equation (80) now reads
and we have
B. Matter dominated universe at small scales
In this section we analyse the perturbations in a matter dominated universe separately addressing the two cases of small anisotropies and the general anisotropic case. We expand in Fourier the spatial part of each quantity like e ikj x j , with k j = const, and we define k 2 = k i k i .
Small anisotropies
If we assume that each quantity differ from isotropy by something of order O v 2 A and that k i k i H 2 we can greatly simplify our equations, keeping only terms in v 2
S
or v 2 A that are multiplied by k i k i . We write
and we can integrate equation (70) to obtain
Equation (71) together with equation (72) now becomes
We can now proceed as in [16] : we can assume that the perturbed fluid follow a different equation of state with respect to the background fluid, so we can use an adiabatic sound speed [6, 16 ]
where γ is the heat ratio. We write
For a relatively high present density there is an appreciable period of time before recombination when the total energy density is dominated by hydrogen rest mass but the pressure is dominated by radiation, so the cosmic medium behaves like a nonrelativistic fluid with γ = 4/3 and ν = 0 and the solution to equation (88) is
where
We have a growing mode if Λ 2 S + 4 3 Λ 2 A < 2/3 which means, using equation (46) to substitute t 2 ,
which is a magnetic correction to the result of [16] . In particular we see that the Alfvén velocity enters the Jeans scale accordingly to the idea that the magnetic field pressure affects the growth of perturbations.
After recombination the cosmic medium behave like a relativistic fluid with γ 5/3. For ν > 0 the solution of equation (88) is
where J is the Bessel J function F is a complicated function which we write in appendix A and which can be neglected for sufficiently large times because in the limit (95) it tends to the constant in eq. (97) (see below).
We have a growing mode if
which means
where we used again equation (46) to substitute t 2 . We recovered exactly the condition as in the absence of magnetic field [16] , as we could expect because the magnetic field energy and pressure decay much faster than the fluid energy. In this limit the solution simplifies to
so the growing mode behave very close to t 2/3 . For a detailed discussion about the sound speed see [30] .
Perturbations parallel and orthogonal to the background magnetic field
We now analyse the case of pure magnetic effect, so we put v 2 S = 0. We study the case with perturbations propagating orthogonally to the background magnetic field with k 3 = 0 and k 2 = k P k P and the case with perturbations propagating parallelly to it with k P = 0 and k 2 = k 3 k 3 ; the mathematical procedure we use is the same.
From equations (71) and (72) we geẗ
We can extract T from equation (70) and substitute it in equation (69), then we can remove the 4-velocity through equations (72) and (73). If we then remove M by using equation (98) we have an equation for the density perturbations (one equation for each case).
We can analytically solve these equations to find the solution written in appendix B, which shows a clear anisotropic behaviour and is much more complicated than the form usually found in the FRW case [19] .
General anisotropic case
At small scales we have k i k i
A and put w = v 2 S = 0 otherwise. We can therefore neglect all first order terms.
Doing exactly like in the previous section, keeping only the dominant coefficients of each term and writing the nth derivative of ∆ with respect to time as ∆ (n) we have
The last equation has no analytical solution. It is possible to numerically integrate it, paying attention to the compatibility of the initial conditions with the Einstein constraint equations. Indeed, it is easy to see that the correct treatment of the magnetic field leads to much more new phenomenology than the one already studied [19] .
VII. CONCLUSION
We developed above a self-consistent scheme for the analysis of cosmological perturbations in the presence of magnetic field. The main merit of the manuscript is to set up in the synchronous gauge a dynamical scheme which accounts for the effects induced by the magnetic field both on the background and the first order formulation.
To this end, we considered a Bianchi I model, whose anisotropy with respect to the flat Robertson-Walker geometry is due to the privileged direction defined by the magnetic field.
We first solve in detail the equations describing the anisotropic background and then we analyse the perturbation dynamics, having awareness of the gauge contribution analytical form.
Via a subtle technical procedure of combination of the system dynamical equations, we are able to derive a seven order single differential equation for the perturbations, whose Cauchy problem is however subjected to a very intricate set of constraints.
In the case in which we separate the parallelly and orthogonally propagating perturbations (with respect to the background magnetic field direction), we arrive to a simplified six order ordinary differential equation, which is surprisingly analytically solved.
We also find explicit behaviours of the perturbations both for large and small scales respectively, comparing with previous results and characterizing the Universe stability problem.
In particular, in the non-relativistic limit (small scales), we outline how the Jeans mass changes across the recombination (to say better across the decoupling of photons and baryons): once the radiation pressure becomes negligible, we see that the Jeans mass becomes independent of the background magnetic field value. Since such an age, corresponds also to the evolution phase of the Universe, when baryon can freely fall into the dark matter skeleton, we can easily argue that the most predictive implications of a General Relativistic Magnetohydrodynamic model is just before this era.
Finally, we observe how the general setting of our perturbation scheme makes it suitable to be applied in extreme regimes too, i.e. close to the initial singularity, where the intrinsic Universe anisotropy can be thought as dynamically relevant, because we asked for the smallness of the magnetic field only at the end. This is an intriguing perspective of investigation in view of the relevant dynamical significance that the Bianchi I metric takes within more general contexts [29] .
Appendix A: Small scales solution in matter dominated universe If we define
then the last term of equation 94a becomes
where J and Y are respectively the Bessel J and Bessel Y functions, Γ is the Euler Γ function and pFq (a 1 , . . . , a p ; b 1 , . . . , b q ; z) is the regularized generalized hypergeometric function p F q (a 1 , . . . , a p ; b 1 , . . . , b q ; z)/ (Γ(b 1 ) . . . Γ(b q )).
If the perturbations propagates orthogonally to the background magnetic field we have ∆ ort (t) = ∆ 1 t 2 + ∆ 2 4 F 5 1, 
where 
The functions p F q (a; b; z) are generalized hypergeometric functions. These solutions are a generalizations of the isotropic case studied in literature, which involves the Bessel functions. It's difficult to simplify them, although it is easy to see their anisotropic behaviour.
